We study transport properties of two entangled photons which are initially injected into two nearest-neighbor coupling cavities in a one-dimensional coupled-cavity array (CCA). It is found that photonic transport dynamics in the two-photon CCA exhibits entanglement-enhanced two-photon delocalization (TPD) phenomenon. It is shown that the CCA can realize the localization-to-delocalization transition for two entangled photons.
I. INTRODUCTION
In recent years, much attention has been paid to coupledcavity arrays (CCAs) [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] due to their extremely rich physics as well as their wide potential applications to work as an effective platform to realize quantum information processing and to carry out photonics tasks. For instance, CCAs stand out as an attractive controllable test bed for strongly correlated many-body models and quantum simulators of many-body physics [1-5, 11, 12] . Transport properties of photons and various excitations in CCAs embedded with natural or artificial atoms are also receiving considerable interest [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] . In particular, it has been demonstrated that CCAs with a cyclic three-level system or a single atom open the possibility to quantum routing of single photons [25, 26] .
CCAs typically consist of an arrangement of low-loss cavities with nearest-neighbor coupling allowing photon hopping between neighboring cavities. An appealing feature of CCAs is the available high control of each single cavity in terms of performable measurements, quantum-state engineering, and dynamical parameter tuning. This feature can be used to realize local addressing in quantum information processing. Progress in the fabrication techniques make CCAs experimentally accessible [27] [28] [29] . Although quantum entanglement is an essential resource in quantum information processing, propagation of spatially entangled photons in CCAs without natural or artificial atoms has not been studied extensively heretofore. A natural question is how quantum entanglement of initial input photons affects photonic transport properties in CCAs.
In this paper, we study transport properties of two initially entangled photons which are injected into two nearestneighbor coupling cavities in a one-dimensional CCA. We show that photonic transport dynamics in the two-photon CCA exhibits the entanglement-enhanced two-photon delocalization (TPD) phenomenon. We investigate TPD dynamics by introducing the concept of the TPD degree when two nearest-neighbor coupling cavities are initially in twophoton entangled state |Ψ = sin θ|2, 0 + cos θ|0, 2 . We demonstrate that the CCA can realize the localization-todelocalization transition for two entangled photons.
The rest of this paper is organized as follows. In Sec II, we present our physical model and its solution. In Sec III, we analyze photonic transport properties and TPD in the two-photon CCA, and show the entanglement-enhanced TPD and the localization-to-delocalization transition for two entangled photons. Finally, we shall conclude our paper with discussions and remarks in the last section.
II. PHYSICAL MODEL AND SOLUTION
Let us consider a finite-length CCA in which nearestneighbor cavities are coupled together so as to allow for photon hopping. We assume that all the cavities are identical. Each cavity sustains a single field mode of frequency ω. The Hamiltonian of the full system (here and throughout we take = 1) is written aŝ
whereâ † (â) is a photonic creation (annihilation) operator at i-th cavity. The second term in above equation represents the hopping interaction with the intercavity coupling strength J.
The Hamiltonian of the CCA given by Eq. (1) can be diagonalized in terms of the normal modes defined bŷ
with the following inverse transformation
where the transformation matrix is given by
Making use of Eqs. (2)- (4), one can obtain the diagonalized form of Hamiltonian (1) where the transformation matrix is given bŷ
From Heisenberg equations on Eq. (5) and making use of Eq. (3), one can obtain exact solution of the CCA in the heisenberg representation with the following form
where the explicit form of the Green's function is given by
In the following section, we shall use above exact solution to investigate quantum dynamics of photonic transport and TPD in the two-photon CCA.
III. ENTANGLEMENT-ENHANCED TWO-PHOTON DELOCALIZATION
The quantum mechanical properties of light are observed when correlations between the propagating photons are considered. In this section, we study photonic transport properties and quantum dynamics of two-photon delocalization in the two-photon CCA when two entangled photons are injected into the CCA by investigating the evolution of the photon-number correlation function
which represents the probability of detecting a two-photon coincidence across cavity m and cavity n. The probability to detect both photons at the same cavity n is given by P n,n (t)/2. We consider such a situation in which the two photons are initially in r-th cavity and s-th cavity with the following twophoton NOON-type states
where for the simplicity, we take 0 θ π/2 throughout the paper. It is interesting to note that the two photons in the two-photon entangled states (9) are in the same cavity, i.e., cavity r or cavity s. The other cavities in the CCA are in vacuum state. Hence, the two-photon entangled states given by Eq. (9) are two-photon localization states. The amount of entanglement of the two-photon states in Eq.(9) can be measured by concurrence [30] with the following expression
Obviously, the concurrence vanishes when θ = 0, and π/2 while the concurrence reaches the maximum value 1 when θ = π/4. Substituting Eqs. (6) and (9) into Eq. (8), we can obtain the probability of detecting a two-photon coincidence across cavity m and cavity n with the following expression P mn = 2 |cos θG mr (t)G nr (t) + sin θG ms (t)G ns (t)| 2 .
(11) As an example, we consider the photonic propagation in the CCA for the two-photon entangled state given by Eq. (9) which is injected initially into two neighboring cavities, say r = 15 and s = 16. Assume that the CCA under our consideration consists of 29 cavities (N = 29). Quantum evolution of the calculated correlation function for this case is presented in Fig. 1 for different amount of initial entanglement. Fig.1(a), Fig.1(c) , and Fig.1(e) are the initialstate correlation function when the amount of initial entanglement C = 0, 0.5, and 1, respectively. Fig.1(b), Fig.1(d) , and Fig.1(f) are the correlation function at time ωt = 83.57 when the amount of initial entanglement C = 0, 0.5, and 1, respectively. From Fig. 1 we can see that the correlation represented by the diagonal elements of the two-photon correlation function P mn completely vanishes while the correlation represented by the off-diagonal elements of the two-photon correlation function P mn is enhanced with the increase of the initial amount of entanglement from vanishing entanglement (C = 0) to the maximal entanglement ( C = 1). Accordingly, the two photons will always tend to separate and to emerge in different cavities.
In order to well understand transport dynamics of the two photons in the CCA, we introduce the concept of the twophoton delocalization (TPD). When the two photons are in two different cavities in the two-photon CCA we call it as the TPD while when the two photons are in the same cavity we call it as the two-photon localization (TPL). The degree of the TPD can be defined in terms of the sum of probability P nn /2 of detecting photons in every cavity
which represents the probability of the two photons being not at the same cavity in the CCA simultaneously. Especially, when η = 1, the two photons are in the complete TPD state in which the two photons are completely in different cavities. In this case, it is impossible that the two photons are in the same cavity. Hence, the two photons in the TPD state tend to stay at different cavities. In this sense, the TPD degree can reflect repulsive-statistics or anti-bunching property of two photons in the CCA. Obviously, the TPD degree of the two-photon NOON-type state defined by Eq. (9) zero. Hence, the state given by Eq. (9) is not a TPD state, it is a TPL state. The larger the value of the parameter η is, the stronger the TPD phenomenon becomes. We consider the two-photon CCA formed by 29 cavities. When the two photons are injected into 15-th and 16-th cavities with the input state (9), the photon-number second-order correlation function changes considerably in the time evolution as shown in Fig. 1 . The most obvious feature is the appearance of the TPD in which the diagonal elements of the two-photon probability, i.e., P nn /2, are suppressed considerably in the time evolution. In particular, for the case of the maximally entangled state with the concurrence C = 1 we can observe almost completeTPD with P nn ≈ 0 in the process of the time evolution as shown in Fig. 1(e) and Fig. 1(f) .
We now investigate quantum dynamics of the TPD and the influence of quantum entanglement of the initial state in the weak hopping regime of J ≪ ω. In Fig. 2 , we have plotted the time evolution of the TPD degree for three different values of quantum entanglement of the initial state (9), C =, 0, 0.5, and 1, respectively. We here take the photon hopping strength J = 0.01ω and the number of the cavities in the CCA N = 29. The dashed curve represents the case of the maximally entangled state with C = 1, the solid line corresponds to the initial input state with the concurrence C = 0.5, and the dot line represents the case of the initial unentangled state with C = 0. From Fig. 2 we can see that the two photons in the CCA rapidly tend to the TPD with the time evolution in a short-time regime. This clearly indicates the transition from the TPL state to the TPD state in the two-photon CCA. The TPD degree can be preserved in the process of the long time evolution afterwards except some small oscillations. On the other hand, Fig.2 indicates that the TPD is enhanced with the increase of quantum entanglement of the initial state (9) . Hence, we can conclude that quantum entanglement can essentially affect the TPD.
We then turn to quantum dynamics of the TPD in the strong hopping regime of J ≈ ω. In. Fig. 2 , we have plot- ted the time evolution of the TPD degree η for three different values of quantum entanglement of the initial state |ψ . The photon hopping parameter takes J = 0.1ω. The number of the cavities in the CCA is N = 29. The dashed curve represents the case of the maximally entangled state with C = 1, the solid line corresponds to the initial input state with the concurrence C = 1, and the dot line represents the case of the initial unentangled state with C = 0. From Fig.  3 we can clearly observe the entanglement-enhanced TPD phenomenon. In comparison with the quantum dynamics of the TPD in the weak hopping regime of J ≪ ω, from Fig.2 and Fig. 3 we can see that the TPD in the strong hopping regime becomes faster than that in the weak hopping regime in the short time regime. The oscillations of the TPD degree in the process of the time evolution become stronger with the increasing the photon hopping strength. However, the TPD degree is over 90 percent in the most time. The short time behavior of the TPD degree is indicated in the inset in Fig.  3 , from which we can see that the transition from the TPL to the TPD happens in shorter time in the strong hopping regime than the weak hopping regime.
IV. CONCLUDING REMARKS
In conclusion, we have studied photonic transport properties and TPD dynamics in the two-photon CCA when two entangled photons are initially injected into two nearestneighbor coupling cavities in the form of two-photon NOON-type states which are superposition states of twophoton states |2, 0 and |0, 2 . We have investigated the TPD dynamics by introducing the concept of the TPD degree for the initial two-photon entangled states |ψ = sin θ|2, 0 + cos θ|0, 2 . It has been found that photonic transport dynamics in the two-photon CCA exhibits the entanglementenhanced TPD phenomenon. It has demonstrated that the CCA can realize the localization-to-delocalization transition for two entangled photons. It is worthwhile to point out that the entanglement-enhanced TPD phenomenon is a twophoton cooperative effect induced by quantum interference of two entangled photons due to the initial quantum entanglement. The entanglement-enhanced TPD vanishes in the absence of entanglement between two photons.
